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Abstract
In this paper, we study a certain deformation D of the Virasoro algebra that
was introduced and called q-Virasoro algebra by Nigro, in the context of vertex
algebras. Among the main results, we prove that for any complex number ℓ, the
category of restricted D-modules of level ℓ is canonically isomorphic to the category
of quasi modules for a certain vertex algebra of affine type. We also prove that the
category of restricted D-modules of level ℓ is canonically isomorphic to the category
of Z-equivariant φ-coordinated quasi modules for the same vertex algebra. In the
process, we introduce and employ a certain infinite dimensional Lie algebra which
is defined in terms of generators and relations and then identified explicitly with a
subalgebra of gl∞.
1 Introduction
Vertex algebras, as a new class of algebraic structures, have deep connections with clas-
sical algebras of various types, including Lie algebras, associative algebras, and groups.
In particular, vertex algebras and their modules are often constructed and studied by
using infinite-dimensional Lie algebras such as affine Kac-Moody Lie algebras (including
infinite-dimensional Heisenberg algebras) and the Virasoro algebras (cf. [FZ]). Infinite-
dimensional Lie algebras of many other types, such as toroidal Lie algebras, quantum
torus Lie algebras, deformed Heisenberg Lie algebras, and Lie algebra gl∞, have also been
canonically associated with vertex algebras or their likes (see [BBS], [LTW], [L1], [L3],
[JL]).
Note that in the association of vertex algebras and their modules to affine Lie algebras
and the Virasoro algebra, it is essential that their canonical generating functions are
mutually local in the sense that for any two generating functions a(x) and b(x), there is
a nonnegative integer k such that
(x1 − x2)
ka(x1)b(x2) = (x1 − x2)
kb(x2)a(x1).
Behind this association is a conceptual result which was obtained in [L7], stating that
for any vector space W , every local subset of Hom(W,W ((x))) generates a vertex algebra
with W as a module.
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As for quantum torus Lie algebras, the situation is different; their generating func-
tions are not local, instead they are quasi local in the sense that for generating functions
a(x), b(x), there exists a nonzero polynomial p(x1, x2) such that
p(x1, x2)a(x1)b(x2) = p(x1, x2)b(x2)a(x1).
To associate vertex algebras to Lie algebras like quantum torus Lie algebras, a new con-
ceptual construction of vertex algebras was established and a theory of quasi modules for
vertex algebras was developed in [L1]. It was proved that for any vector space W , every
quasi local subset of Hom(W,W ((x))) generates in a certain natural way a vertex algebra
with W as a quasi module. For a vertex algebra V , the main feature for a quasi module
is a weaker Jacobi identity axiom stating that for u, v ∈ V , there is a nonzero polynomial
p(x1, x2) such that the usual Jacobi identity multiplied by p(x1, x2) holds.
The theory of quasi modules was developed further in [L1] and [L2], in which a notion
of Γ-vertex algebra with Γ a group and a notion of quasi module for a Γ-vertex algebra
were introduced. For a group Γ, a Γ-vertex algebra is simply a vertex algebra V equipped
with a group representation R : g 7→ Rg of Γ on V and a linear character χ of Γ such that
Rg(1) = 1, RgY (v, x)R
−1
g = Y (Rgv, χ(g)
−1x),
for g ∈ Γ, v ∈ V . Furthermore, for a Γ-vertex algebra V , a quasi V -module is a quasi
module (W,YW ) for V viewed as a vertex algebra, satisfying the conditions that
YW (Rgv, x) = YW (v, χ(g)x) for g ∈ Γ, v ∈ V
and that for u, v ∈ V , there exist g1, . . . , gr ∈ Γ such that(
r∏
i=1
(x1 − χ(gi)x2)
)
[YW (u, x1), YW (v, x2)] = 0.
In a program to associate quantum vertex algebras to various quantum algebras in-
cluding quantum affine algebras, a theory of (weak) quantum vertex algebras and their
modules was developed in [L4], [L5], [L6]. In particular in [L5], for a weak quantum ver-
tex algebra V with an automorphism group G, a notion of G-equivariant φ-coordinated
quasi module was introduced. Quantum vertex algebras in this sense are generalizations
of vertex algebras and vertex superalgebras, so that all the results directly apply to vertex
algebras and vertex superalgebras.
In this paper, we study in the context of vertex algebras a certain q-deformation of
the Virasoro algebra, which was introduced by Nigro (see [N]). The q-Virasoro algebra,
introduced by Nigro and denoted by D in this paper, by definition is the Lie algebra with
generators c and Dα(n) with α, n ∈ Z, subject to relations D−α(n) = −Dα(n) and
[Dα(n), Dβ(m)] = (q − q−1)[αm− βn]qD
α+β(m+ n)
− (q − q−1)[αm+ βn]qD
α−β(m+ n)
+ ([m]qα+β − [m]qα−β)δm+n,0c (1.1)
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for α, β,m, n ∈ Z, where c is a central element, q is a complex parameter which is neither
zero nor a root of unity, and [n]q =
q−n−qn
q−1−q
. Note that [n]1 = n by convention. As our
main results, we establish a canonical connection between this q-Virasoro algebra and
Γ-vertex algebras and their quasi modules in the sense of [L1], [L2] and [L3], and we also
associate q-Virasoro algebra with vertex algebras in terms of Z-equivariant φ-coordinated
quasi modules in the sense of [L5].
We now describe the content of this paper with some technical details. First, just as
with affine Lie algebras, for each α ∈ Z we form a generating function
Dα(x) =
∑
n∈Z
Dα(n)x−n−1.
A D-module W is said to be restricted if for any α ∈ Z, w ∈ W , Dα(n)w = 0 for n
sufficiently large, and to be of level ℓ ∈ C if the central element c acts on W as scalar
ℓ. Writing the commutation relation (1.1) in terms of generating functions, one sees that
Dα(x) with α ∈ Z form a quasi local subset UW of E(W ) for any restricted D-module W
of level ℓ. In view of [L1], UW generates a vertex algebra with W as a quasi module. This
gives a conceptual association of vertex algebras to Lie algebra D. The core of this paper
is explicitly to construct the desired vertex algebras and then associate them to the Lie
algebra D.
Second, as a key step we modify the generating functions Dα(x) for α ∈ Z to introduce
D˜α(x) =
{
Dα(x) if α = 0
Dα(x)− 1
q−α−qα
cx−1 if α 6= 0.
(1.2)
The main reason for doing this is that commutation relation for D˜α(x) takes a better
shape. Let W be an arbitrary restricted D-module of level ℓ. Set U˜W = {D˜
α(qrx) | α, r ∈
Z}. This set is still quasi local, so it generates a vertex algebra 〈U˜W 〉 with W as faithful
quasi module. A detailed study on this vertex algebra naturally leads us to a “new”
infinite-dimensional Lie algebra.
Third, we introduce a Lie algebra denoted by D, which by definition is the Lie algebra
generated by dα,r for α, r ∈ Z, subject to relations: d−α,r = −dα,r and
[dα,r, dβ,s] = δα+β,s−rd
α+β,−α+s − δα+β,r−sd
α+β,α+s
− δα−β,s−rd
α−β,−α+s + δα−β,r−sd
α−β,α+s.
On D, there is a non-degenerate symmetric invariant bilinear form 〈·, ·〉 defined by
〈dα,r, dβ,s〉 = δr,s (δα−β,0 − δα+β,0) for α, β, r, s ∈ Z.
Then we have an affine Lie algebra D̂ = D⊗C[t, t−1]⊕Cc. Furthermore, for any complex
number ℓ, we have a vertex algebra V
D̂
(ℓ, 0), whose underlying vector space is the level ℓ
generalized Verma module (or Weyl module) of D̂.
Vertex algebra V
D̂
(ℓ, 0) actually is a Γ-vertex algebra. For m ∈ Z, there is an auto-
morphism σm of D̂, uniquely determined by
σm(d
α,r) = dα,r+m for α, r,m ∈ Z.
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This automorphism of D̂ gives rise to an automorphism of V
D̂
(ℓ, 0), which is also denoted
by σm. Then we have an automorphism group Γ = {σm | m ∈ Z} of VD̂(ℓ, 0), which is
naturally isomorphic to Z. From [L1], V
D̂
(ℓ, 0) has a natural Γ-vertex algebra structure
with the linear character χ : Γ → C×; σm 7→ q
m (m ∈ Z). We prove that on a vector
spaceW , a restrictedD-module structure of level ℓ is equivalent to a quasi V
D̂
(ℓ, 0)-module
structure. In this way, we obtain an equivalence of categories.
Another interesting way to modify the generating functions Dα(x) for α ∈ Z is to set
Dˆα(x) = xD˜α(x) =
∑
n∈Z
D˜α(n)x−n.
By using [L4], we prove that for any restricted D-moduleW of level ℓ, there is a structure
of a Z-equivariant φ-coordinated quasi module for the vertex algebra V
D̂
(ℓ, 0), which is
uniquely determined by
YW (d
α,r, x) = Dˆα(qrx) for α, r ∈ Z.
(Note that Z is considered as an automorphism group of V
D̂
(ℓ, 0) as above.) On the other
hand, we show that any Z-equivariant φ-coordinated quasi module for the vertex algebra
V
D̂
(ℓ, 0) is naturally a restricted D-module of level ℓ.
This paper is organized as follows: In Section 2, we study q-Virasoro algebra D in
the context of Γ-vertex algebras and their quasi modules. In Section 3, we study the
q-Virasoro algebra D in terms of vertex algebras and Γ-equivariant φ-coordinated quasi
modules.
2 Associating q-Virasoro algebra with Γ-vertex alge-
bras in terms of quasi modules
In this section, we recall from [L1] and [L3] some basic results on quasi modules for
vertex algebras and from [N] the q-Virasoro algebra D. We define a Lie algebra D with
a symmetric invariant bilinear form and show that the vertex algebra V
D̂
(ℓ, 0) associated
to the affine Lie algebra D̂ of level ℓ is a Γ-vertex algebra with Γ = Z. Then we give an
isomorphism between the category of restricted D-modules of level ℓ and that of quasi
V
D̂
(ℓ, 0)-modules.
Throughout this paper, N denotes the set of nonnegative integers, C× denotes the
multiplicative group of nonzero complex numbers (while C denotes the complex number
field), and the symbols x, y, x1, x2, . . . denote mutually commuting independent formal
variables. All vector spaces in this paper are considered to be over C. For a vector space
U , U((x)) is the vector space of lower truncated integral power series in x with coefficients
in U , U [[x]] is the vector space of nonnegative integral power series in x with coefficients
in U , and U [[x, x−1]] is the vector space of doubly infinite integral power series in x with
coefficients in U .
We first recall the definition of a vertex algebra (cf. [LL]).
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Definition 2.1. A vertex algebra is a vector space V equipped with a linear map
Y (·, x) : V −→ Hom(V, V ((x))) ⊂ EndV[[x, x−1]]
v 7−→ Y (v, x) =
∑
n∈Z
vnx
−n−1 (where vn ∈ EndV )
and with a distinguished vector 1 ∈ V , called the vacuum vector, such that all the following
conditions are satisfied for u, v ∈ V :
Y (1, x)v = v (the vacuum property),
Y (v, x)1 ∈ V [[x]] and lim
x 7→0
Y (v, x)1 = v (the creation property),
and
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)− x
−1
0 δ
(
x2 − x1
−x0
)
Y (v, x2)Y (u, x1)
= x−12 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2)
(the Jacobi identity).
The following notion of quasi module for vertex algebras was introduced in [L1]:
Definition 2.2. Let V be a vertex algebra. A quasi V -module is a vector space W
equipped with a linear map YW (·, x) from V to Hom(W,W ((x))) such that
YW (1, x) = 1W (the identity operator on W )
and such that for any u, v ∈ V , there exists a nonzero polynomial f(x1, x2) such that
x−10 δ
(
x1 − x2
x0
)
f(x1, x2)YW (u, x1)YW (v, x2)
−x−10 δ
(
x2 − x1
−x0
)
f(x1, x2)YW (v, x2)YW (u, x1)
= x−12 δ
(
x1 − x0
x2
)
f(x1, x2)YW (Y (u, x0)v, x2).
We next recall from [L1] and [L2] a conceptual construction of vertex algebras and
their quasi modules. Let W be a general vector space. Set
E(W ) = Hom(W,W ((x))) ⊂ (EndW)[[x, x−1]]. (2.1)
The identity operator on W , denoted by 1W , is a special element of E(W ).
The following generalization of the notion of locality was introduced in [L1]:
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Definition 2.3. Formal series a(x), b(x) ∈ E(W ) are said to be mutually quasi local if
there exists a nonzero polynomial f(x1, x2) such that
f(x1, x2)a(x1)b(x2) = f(x1, x2)b(x2)a(x1). (2.2)
A subset (subspace) U of E(W ) is said to be quasi local if any a(x), b(x) ∈ U are mutually
quasi local.
The following notion was due to [G-K-K]:
Definition 2.4. Let Γ be a subgroup of C×. Formal series a(x), b(x) ∈ E(W ) are said to
be mutually Γ-local if there exists a (nonzero) polynomial
f(x1, x2) ∈ 〈(x1 − αx2) | α ∈ Γ〉 ⊂ C[x1, x2]
such that (2.2) holds. Furthermore, the notion of Γ-local subset (space) is defined in the
obvious way.
Denote by C(x1, x2) the field of rational functions. Let
ιx1,x2 : C(x1, x2)→ C((x1))((x2))
be the canonical extension of the ring embedding of C[x1, x2] into the field C((x1))((x2)).
In particular, for α ∈ C, m ∈ Z we have
ιx1,x2 ((x1 − αx2)
m) =
∑
j≥0
(
m
j
)
(−α)jxm−j1 x
j
2.
Let W be a vector space as before. Let U be any quasi local subset of E(W ) and let
a(x), b(x) ∈ U . Notice that the relation (2.2) implies
f(x1, x2)a(x1)b(x2) ∈ Hom(W,W ((x1, x2))). (2.3)
Let α ∈ C×. Define a(x)(α,n)b(x) ∈ (End W)[[x, x
−1]] for n ∈ Z in terms of generating
function
Yα(a(x), x0)b(x) =
∑
n∈Z
(a(x)(α,n)b(x))x
−n−1
0 (2.4)
by
Yα(a(x), x0)b(x) = lx,x0(f(x0 + αx, x)
−1)(f(x1, x)a(x1)b(x))|x1=αx+x0, (2.5)
where f(x1, x2) is any nonzero polynomial such that (2.3) holds.
Let Γ be a subgroup of C×. A quasi local subspace U of E(W ) is said to be YΓ-closed
if
a(x)(α,n)b(x) ∈ U (2.6)
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for all a(x), b(x) ∈ U, α ∈ Γ, n ∈ Z. In the case Γ = {1}, we say U is Y1-closed and we
particularly set
Y(a(x), x0)b(x) = Y1(a(x), x0)b(x), (2.7)
a(x)(n)b(x) = a(x)(1,n)b(x). (2.8)
Let S be any quasi local subset of E(W ) and let Γ be any subgroup of C×. Denote
by 〈S〉Γ the smallest YΓ-closed quasi local subspace of E(W ), which contains S and 1W .
From [L1] (Proposition 4.10), 〈S〉Γ is linearly spanned by the vectors
a(1)(x)(α1,n1) · · · a
(r)(x)(αr ,nr)1W
for r ∈ N, a(i)(x) ∈ S, αi ∈ Γ, ni ∈ Z. Moreover, we set 〈S〉 = 〈S〉{1}, the smallest
Y1-closed quasi local subspace of E(W ), which contains S and 1W .
For any α ∈ C× and a(x) ∈ E(W ), it is clear that a(αx) ∈ E(W ). Following [L1], we
define Rα ∈ End(E(W )) by
Rα(a(x)) = a(αx) for a(x) ∈ E(W ). (2.9)
Then the map R : C× → End(E(W )), sending α to Rα for α ∈ C
×, is a representation of
C× on E(W ).
The following result was obtained in [L1] (Proposition 4.12 and Theorem 5.3):
Theorem 2.5. Let W be a vector space and let Γ be a subgroup of C×. Then for any quasi
local subset S of E(W ), (〈S〉Γ,Y1, 1W ) carries the structure of a vertex algebra and W is
a quasi module with YW (a(x), z) = a(z) for a(x) ∈ 〈S〉Γ. Furthermore, if the subspace
spanned by S is a Γ-local subspace and a Γ-submodule of E(W ), then 〈S〉 = 〈S〉Γ.
We now recall the definitions of a Γ-vertex algebra and a quasi module (see [L2]).
Definition 2.6. Let Γ be an abstract group (which is not necessarily a subgroup of C×).
A Γ-vertex algebra is a vertex algebra V equipped with group homomorphisms
R : Γ→ GL(V ); g 7−→ Rg and ϕ : Γ→ C
×
such that Rg(1) = 1 for g ∈ Γ and
RgY (v, x)R
−1
g = Y (Rg(v), ϕ(g)
−1x) for g ∈ Γ, v ∈ V.
Remark 2.7. This notion is equivalent to that of Γ-vertex algebra defined in [L1].
Definition 2.8. Let V be a Γ-vertex algebra. A quasi V -module is a quasi module
(W,YW ) for V viewed as a vertex algebra, satisfying the condition that
YW (Rg(v), x) = YW (v, ϕ(g)x) for g ∈ Γ, v ∈ V
and for u, v ∈ V , there exist α1, . . . , αk ∈ ϕ(Γ) ⊂ C
× such that
(x1 − α1x2) · · · (x1 − αkx2)[YW (u, x1), YW (v, x2)] = 0.
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Remark 2.9. Let V be a Z-graded vertex algebra in the sense that V is a vertex algebra
equipped with a Z-grading V = ⊕n∈ZV(n) such that 1 ∈ V(0) and
umV(n) ⊂ V(k+n−m−1) for u ∈ V(k), k,m, n ∈ Z.
Denote by L(0) the linear operator on V , defined by L(0)|V(n) = n for n ∈ Z. Define an
automorphism of a Z-graded vertex algebra V to be an automorphism of vertex algebra
V , which preserves the Z-grading. Let Γ be an automorphism group of a Z-graded vertex
algebra V and let ϕ : Γ → C× be a group homomorphism. Then it is straightforward to
show (cf. [L2]) that V becomes a Γ-vertex algebra with Rg = ϕ(g)
−L(0)g for g ∈ Γ.
As we shall need later, we next recall the Z-graded vertex algebras associated to affine
Lie algebras. Let g be any (possibly infinite-dimensional) Lie algebra equipped with a
symmetric invariant bilinear form 〈·, ·〉. To the pair (g, 〈·, ·〉) one has an affine Lie algebra
gˆ = g⊗ C[t, t−1]⊕ Cc,
where c is central and
[a⊗ tm, b⊗ tn] = [a, b]⊗ tm+n +mδm+n,0〈a, b〉c
for a, b ∈ g, m, n ∈ Z. Let ℓ be any complex number and denote by Cℓ the one-dimensional
(g⊗C[t]+Cc)-module C with g⊗C[t] acting trivially and with c acting as scalar ℓ. Form
an induced gˆ-module of level ℓ
Vgˆ(ℓ, 0) = U(gˆ)⊗U(g⊗C[t]+Cc) Cℓ.
Set 1 = 1⊗ 1 and identify a ∈ g with a(−1)1 ∈ Vgˆ(ℓ, 0), making g a subspace of Vgˆ(ℓ, 0),
where for n ∈ Z, a(n) denotes a ⊗ tn alternatively. Then there exists a vertex algebra
structure on Vgˆ(ℓ, 0), uniquely determined by the conditions that 1 is the vacuum vector
and that
Y (a, x) = a(x) =
∑
n∈Z
a(n)x−n−1
for a ∈ g. Furthermore, Vgˆ(ℓ, 0) is a Z-graded vertex algebra with
Vgˆ(ℓ, 0)(n) = 0 for n < 0, Vgˆ(ℓ, 0)(0) = C1, Vgˆ(ℓ, 0)(1) = g,
where g generates Vgˆ(ℓ, 0) as a vertex algebra.
Lemma 2.10. Let σ be an automorphism of Lie algebra g, which preserves the bilinear
form 〈·, ·〉. Then σ extends uniquely to an automorphism of the Z-graded vertex algebra
Vgˆ(ℓ, 0).
Proof. First of all, lift σ to an automorphism σˆ of the affine Lie algebra gˆ by
σˆ(a⊗ tn + µc) = σ(a)⊗ tn + µc for a ∈ g, n ∈ Z, µ ∈ C.
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This induces an automorphism of the universal enveloping algebra U(gˆ), also denoted by
σˆ. As σˆ preserves the subalgebra (g ⊗ C[t] + Cc), σˆ gives rise to a linear automorphism
σ˜ of Vgˆ(ℓ, 0) such that σ˜(1) = 1 and σ˜(Xv) = σˆ(X)σ˜(v) for X ∈ U(ĝ), v ∈ Vgˆ(ℓ, 0). In
particular, we have
σ˜(anv) = σ˜(a(n)v) = σˆ(a(n))σ˜(v) = σ(a)(n)σ˜(v) = σ(a)nσ˜(v)
for a ∈ g, n ∈ Z. As Vgˆ(ℓ, 0) is generated by g as a vertex algebra, it follows that σ˜ is an
automorphism of vertex algebra Vgˆ(ℓ, 0). It is clear that σ˜ preserves the Z-grading. Thus
σ˜ is an automorphism of the Z-graded vertex algebra Vgˆ(ℓ, 0). Furthermore, we have
σ˜(a) = σ˜(a−11) = σ(a)−11 = σ(a) for a ∈ g.
That is, σ˜ extends σ. On the other hand, as Vgˆ(ℓ, 0) is generated by g as a vertex algebra,
the extension of σ is unique.
In view of Lemma 2.10, for any automorphism group G of Lie algebra g, which pre-
serves the bilinear form 〈·, ·〉, we can and we shall consider G as an automorphism group
of the Z-graded vertex algebra Vgˆ(ℓ, 0). We shall simply use σ ∈ G for its extension.
We recall the following q-analog of the Virasoro algebra from [N].
Definition 2.11. Let q be a nonzero complex number. Denote by D the Lie algebra with
generators c and Dα(n) (α, n ∈ Z), subjects to relations
D−α(n) = −Dα(n),
[Dα(n), Dβ(m)] = (q − q−1)[αm− βn]qD
α+β(m+ n)
− (q − q−1)[αm+ βn]qD
α−β(m+ n)
+ ([m]qα+β − [m]qα−β)δm+n,0c (2.10)
for m,n, α, β ∈ Z, where c is a central element and [n]q is the q-integer defined by
[n]q =
q−n − qn
q−1 − q
.
Remark 2.12. Note that as a convention in quantum algebra theory, it is understood
that [n]q = n for q = ±1. This is consistent with the fact that
lim
q→±1
[n]q = n.
The following are two simple properties for q-integers:
[−n]q = −[n]q, [n]q−1 = [n]q. (2.11)
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Remark 2.13. From the first relation in the definition of D, we have D0(n) = 0 for
all n ∈ Z and we see that D is linearly spanned by vectors c and Dα(n) for α, n ∈ Z
with α ≥ 1. In principle, one can show that these vectors form a basis as follows: First,
define a non-associative algebra D˜ with a basis {D(α, n) | α, n ∈ Z} ∪ {c} and with an
operation [·, ·] defined by (2.14) and by [c, D˜] = 0 = [D˜, c]. Let J be the linear span of
D(−α, n) +D(α, n) for α, n ∈ Z. From (2.14), using (2.11) we have
[D(α, n), D(β,m) +D(−β,m)] = 0,
[D(α, n), D(β,m)] + [D(β,m), D(α, n)] ∈ J
for α, β,m, n ∈ Z. It follows that J is a two-sided ideal. It is clear that the operation [·, ·]
on the quotient algebra D˜/J is skew symmetric. Next, the Jacobi identity is straightfor-
ward to check, thus D˜/J is a Lie algebra. Then it follows that D ≃ D˜/J , which implies
that D has the desired basis.
Remark 2.14. Note that for f(x) ∈ C[[x, x−1]], we have
lim
µ→0
1
q−µ − qµ
(f(q−µx)− f(qµx)) = x
d
dx
f(x). (2.12)
In particular, we have
lim
µ→0
1
q−µ − qµ
[
δ
(
qµx2
x1
)
− δ
(
q−µx2
x1
)]
= −x2
∂
∂x2
δ
(
x2
x1
)
. (2.13)
[Note that the limit of the Lie algebraD for q → ±1 is an abelian Lie algebra. Remark:
Set D¯α(n) = 1
q−q−1
Dα(n) for α, n ∈ Z. Then
[D¯α(n), D¯β(m)] = [αm− βn]qD¯
α+β(m+ n)− [αm+ βn]qD¯
α−β(m+ n)
+ (q − q−1)−2([m]qα+β − [m]qα−β)δm+n,0c.
Taking the limit q → 1, we get
[D¯α(n), D¯β(m)] = (αm− βn)D¯α+β(m+ n)− (αm+ βn)D¯α−β(m+ n)
+ lim
q→1
(q − q−1)−2([m]qα+β − [m]qα−β)δm+n,0c.
(Calculate the limit in the central extension part.) The limit algebra is a known Lie
algebra.]
From now on, we shall assume that q is not a root of unity.
For α ∈ Z, form a generating function
Dα(x) =
∑
n∈Z
Dα(n)x−n−1. (2.14)
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For α, β ∈ Z, we have
[Dα(x1), D
β(x2)]
=
∑
m,n∈Z
[Dα(n), Dβ(m)]x−n−11 x
−m−1
2
= q−αDα+β(q−αx2)x
−1
1 δ
(
q−αx2
qβx1
)
− qαDα+β(qαx2)x
−1
1 δ
(
qαx2
q−βx1
)
− q−αDα−β(q−αx2)x
−1
1 δ
(
q−αx2
q−βx1
)
+ qαDα−β(qαx2)x
−1
1 δ
(
qαx2
qβx1
)
+
1
q−α−β − qα+β
[
x−11 δ
(
qαx2
q−βx1
)
− x−11 δ
(
q−αx2
qβx1
)]
cx−12
−
1
qβ−α − qα−β
[
x−11 δ
(
qαx2
qβx1
)
− x−11 δ
(
q−αx2
q−βx1
)]
cx−12
= q−αDα+β(q−αx2)x
−1
1 δ
(
q−α−βx2
x1
)
− qαDα+β(qαx2)x
−1
1 δ
(
qα+βx2
x1
)
− q−αDα−β(q−αx2)x
−1
1 δ
(
qβ−αx2
x1
)
+ qαDα−β(qαx2)x
−1
1 δ
(
qα−βx2
x1
)
+
1
q−α−β − qα+β
[
x−11 δ
(
qα+βx2
x1
)
− x−11 δ
(
q−α−βx2
x1
)]
cx−12
−
1
qβ−α − qα−β
[
x−11 δ
(
qα−βx2
x1
)
− x−11 δ
(
qβ−αx2
x1
)]
cx−12 , (2.15)
where it is understood that
1
q−α−β − qα+β
[
x−11 δ
(
qα+βx2
x1
)
− x−11 δ
(
q−α−βx2
x1
)]
= −x2
∂
∂x2
x−11 δ
(
x2
x1
)
,
1
qβ−α − qα−β
[
x−11 δ
(
qα−βx2
x1
)
− x−11 δ
(
qβ−αx2
x1
)]
= −x2
∂
∂x2
x−11 δ
(
x2
x1
)
for α+ β = 0 and for α− β = 0, respectively. (Recall Remarks 2.12 and 2.14.) It can be
readily seen that the defining relation (2.14) is equivalent to (2.15).
Motivated by this observation we make the following modification:
Definition 2.15. For α ∈ Z, we set
D˜α(x) =
{
Dα(x) if α = 0
Dα(x)− 1
q−α−qα
cx−1 if α 6= 0.
(2.16)
Then we immediately have:
Lemma 2.16. The defining relations of D are equivalent to
D˜−α(x) = −D˜α(x), (2.17)
11
[D˜α(x1), D˜
β(x2)]
= q−αD˜α+β(q−αx2)x
−1
1 δ
(
q−α−βx2
x1
)
− qαD˜α+β(qαx2)x
−1
1 δ
(
qα+βx2
x1
)
− q−αD˜α−β(q−αx2)x
−1
1 δ
(
qβ−αx2
x1
)
+ qαD˜α−β(qαx2)x
−1
1 δ
(
qα−βx2
x1
)
+ (δα−β,0 − δα+β,0)
∂
∂x2
x−11 δ
(
x2
x1
)
c (2.18)
for α, β ∈ Z.
Definition 2.17. A D-module W is said to be restricted if for any α ∈ Z and w ∈ W,
Dα(n)w = 0 for n sufficiently large, or equivalently, if Dα(x) ∈ E(W ) for any α ∈ Z, or
equivalently, if D˜α(x) ∈ E(W ) for any α ∈ Z. We say a D-module W is of level ℓ ∈ C if
the central element c acts as scalar ℓ.
Furthermore, for α, r ∈ Z we set
Dα,r(x) = qrD˜α(qrx). (2.19)
By (2.18), we have
[Dα,r(x1), D
β,s(x2)]
= qr+s[D˜α(qrx1), D˜
β(qsx2)]
= Dα+β,−α+s(x2)x
−1
1 δ
(
q−α+sx2
qβ+rx1
)
−Dα+β,α+s(x2)x
−1
1 δ
(
qα+sx2
q−β+rx1
)
−Dα−β,−α+s(x2)x
−1
1 δ
(
q−α+sx2
q−β+rx1
)
+Dα−β,α+s(x2)x
−1
1 δ
(
qα+sx2
qβ+rx1
)
+ (δα−β,0 − δα+β,0)
∂
∂x2
x−11 δ
(
qs−rx2
x1
)
c (2.20)
for α, β, r, s ∈ Z.
This observation leads us to the following characterization of the Lie algebra D:
Proposition 2.18. Lie algebra D is isomorphic to the Lie algebra L with generators c
and Dα,r(n) for α, r, n ∈ Z, subject to relations [c, L] = 0,
D−α,r(x) = −Dα,r(x), Dα,r+s(x) = qsDα,r(qsx) (2.21)
for α, r, s ∈ Z, and subject to the relation (2.20), where Dα,r(x) =
∑
n∈ZD
α,r(n)x−n−1.
Proof. Given Lie algebra D, with Dα,r(x) defined in (2.19), we see that (2.21) and (2.20)
hold. It follows that there is a natural Lie algebra homomorphism θ from L onto D,
sending Dα,r(x) to qrD˜α(qrx) for α, r ∈ Z. On the other hand, for Lie algebra L we have
Dα,r(x) = qrDα,0(qrx) and D−α,0(x) = −Dα,0(x)
for α, r ∈ Z. It is clear that relation (2.20) is equivalent to (2.18) with D˜α(x) = Dα,0(x)
for α ∈ Z. Then there exists a natural Lie algebra homomorphism from D onto L, sending
D˜α(x) to Dα,0(x) for α ∈ Z. Consequently, θ is a Lie algebra isomorphism.
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Next we associate the q-Virasoro algebra D with a specific Γ-vertex algebra and its
quasi modules. To this end we first introduce a Lie algebra.
Definition 2.19. Let D be the Lie algebra with generators dα,r for α, r ∈ Z, subject to
relations
d−α,r = −dα,r, (2.22)
[dα,r, dβ,s] = δα+β,s−rd
α+β,−α+s − δα+β,r−sd
α+β,α+s
−δα−β,s−rd
α−β,−α+s + δα−β,r−sd
α−β,α+s (2.23)
for α, β, r, s ∈ Z.
It is clear from the defining relations that D is linearly spanned by vectors dα,r for
α, r ∈ Z with α ≥ 1. One can show directly that these vectors actually form a basis of D,
following the line of Remark 2.13. In the following, we shall show that Lie algebra D is
isomorphic to a subalgebra of Lie algebra gl∞, which will immediately imply that D has
the desired basis.
Recall that gl∞ is the (Lie) algebra of doubly infinite complex matrices with only
finitely many nonzero entries. For m,n ∈ Z, let Em,n denote the matrix whose only
nonzero entry is the (m,n)-entry which is 1. Then Em,n for m,n ∈ Z form a basis of gl∞,
where
[Em,n, Ep,q] = Em,n · Ep,q − Ep,q · Em,n = δn,pEm,q − δq,mEp,n.
Equip gl∞ with a bilinear form 〈·, ·〉 defined by
〈Em,n, Er,s〉 = δm,sδn,r for m,n, r, s ∈ Z. (2.24)
This form is symmetric, associative (invariant), and non-degenerate. Set
A = span{Em,n | m,n ∈ Z with m+ n ∈ 2Z}, (2.25)
which is a (Lie) subalgebra of gl∞. For α,m ∈ Z, set
Gα,m = Eα+m,m−α ∈ A.
Then Gα,m for α,m ∈ Z form a basis of A. Let τ be the order-2 automorphism of Lie
algebra gl∞ defined by
τ(Em,n) = −En,m for m,n ∈ Z. (2.26)
Clearly, τ preserves A and we have τ(Gα,m) = −G−α,m for α,m ∈ Z. Set
Gτα,m = Gα,m −G−α,m = Eα+m,m−α − Em−α,m+α ∈ A. (2.27)
Let Aτ denote the Lie subalgebra of τ -fixed points in A. Then
Gτ−α,m = −G
τ
α,m for α,m ∈ Z
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and {Gτα,m | α ≥ 1, m ∈ Z} is a basis of A
τ . By a straightforward calculation we get
[Gτα,r, G
τ
β,s] = δα+β,r−sG
τ
α+β,s+α − δα+β,s−rG
τ
α+β,β+r
+ δα−β,s−rG
τ
α−β,r−β − δα−β,r−sG
τ
α−β,α+s (2.28)
for α, β, r, s ∈ Z. Furthermore, we have
〈Gτα,r, G
τ
β,s〉 = 2 (δα+β,r−sδα+β,s−r − δα−β,r−sδα−β,s−r)
= 2δr,s (δα+β,0 − δα−β,0) . (2.29)
Therefore, we have proved:
Lemma 2.20. Lie algebra D is isomorphic to the Lie algebra Aτ with dα,r corresponding
to Gτ−α,r (= −G
τ
α,r) for α, r ∈ Z and D has a basis {d
α,r | α, r ∈ Z with α ≥ 1}.
Furthermore, the bilinear form 〈·, ·〉 on D, defined by
〈dα,r, dβ,s〉 = δr,s (δα−β,0 − δα+β,0) (2.30)
for α, β, r, s ∈ Z, is symmetric and invariant.
Now, we equip Lie algebra D with the symmetric invariant bilinear form 〈·, ·〉 defined
as in Lemma 2.20. Then we have an affine Lie algebra
D̂ = D⊗ C[t, t−1]⊕ Cc,
where for α, β, r, s ∈ Z,
[dα,r(x1), d
β,s(x2)]
= [dα,r, dβ,s](x2)x
−1
1 δ
(
x2
x1
)
+ 〈dα,r, dβ,s〉
∂
∂x2
x−11 δ
(
x2
x1
)
c
= δα+β,s−rd
α+β,−α+s(x2)x
−1
1 δ
(
x2
x1
)
− δα+β,r−sd
α+β,α+s(x2)x
−1
1 δ
(
x2
x1
)
−δα−β,s−rd
α−β,−α+s(x2)x
−1
1 δ
(
x2
x1
)
+ δα−β,r−sd
α−β,α+s(x2)x
−1
1 δ
(
x2
x1
)
+δr,s (δα−β,0 − δα+β,0)
∂
∂x2
x−11 δ
(
x2
x1
)
c. (2.31)
Recall that for α, r ∈ Z,
dα,r(x) =
∑
n∈Z
dα,rn x
−n−1,
where dα,rn denotes d
α,r ⊗ tn.
Let ℓ be a complex number, which is fixed for the rest of this section. Given the affine
Lie algebra D̂ and the complex number ℓ, we have a Z-graded vertex algebra V
D̂
(ℓ, 0).
Recall that as the underlying space,
V
D̂
(ℓ, 0) = U(D̂)⊗U(D⊗C[t]+Cc) Cℓ,
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where Cℓ denotes the one-dimensional (D ⊗ C[t] + Cc)-module C with D ⊗ C[t] acting
trivially and with c acting as scalar ℓ, and that 1 = 1⊗1, Y (dα,r, x) = dα,r(x) for α, r ∈ Z.
Furthermore, V
D̂
(ℓ, 0)(1) = D is a generating subspace of VD̂(ℓ, 0), where D is identified
as a subspace of V
D̂
(ℓ, 0) through the linear map a ∈ D 7→ a(−1)1.
Furthermore, we have:
Lemma 2.21. For m ∈ Z, there exists an automorphism σm of the Z-graded vertex
algebra V
D̂
(ℓ, 0), which is uniquely determined by σm(d
α,r) = dα,m+r for α, r ∈ Z.
Proof. Let m ∈ Z. Define a linear endomorphism σ′m of D by σ
′
m(d
α,r) = dα,m+r for α, r ∈
Z. It can be readily seen that σ′m is an automorphism of Lie algebra D, which preserves
the bilinear form 〈·, ·〉. By Lemma 2.10, σ′m extends uniquely to an automorphism σm of
the Z-graded vertex algebra V
D̂
(ℓ, 0).
Set
Γ = {σm | m ∈ Z} ⊂ Aut(VD̂(ℓ, 0)), (2.32)
where V
D̂
(ℓ, 0) is viewed as a Z-graded vertex algebra. It can be readily seen that the
map Z ∋ m 7→ σm ∈ Γ is a group isomorphism. We define two group homomorphisms
R : Γ→ GL(V
D̂
(ℓ, 0)) and ϕ : Γ → C×
by
ϕ(σm) = q
m and Rσm = ϕ(σm)
−L(0)σm = q
−mL(0)σm for m ∈ Z,
where L(0) is the linear operator on V
D̂
(ℓ, 0) defined by L(0)v = nv for v ∈ V
D̂
(ℓ, 0)(n)
with n ∈ Z. In view of Remark 2.9, equipped with group homomorphisms R and ϕ, the
Z-graded vertex algebra V
D̂
(ℓ, 0) becomes a Γ-vertex algebra.
For the rest of this section, we consider V
D̂
(ℓ, 0) as a Γ-vertex algebra with Γ = Z as
above. Now, we are in a position to present our main result of this section.
Theorem 2.22. Let W be a restricted D-module of level ℓ. Then there exists a quasi
V
D̂
(ℓ, 0)-module structure YW (·, x) on W , which is uniquely determined by
YW (d
α,r, x) = Dα,r(x) = qrD˜α(qrx) for α, r ∈ Z.
On the other hand, let (W,YW ) be a quasi VD̂(ℓ, 0)-module. Then W is a restricted D-
module of level ℓ with D˜α(x) = YW (d
α,0, x) for α ∈ Z.
Proof. We shall apply Theorem 4.9 of [L2] by showing that Lie algebra D is isomorphic
to the Γ-covariant algebra of D̂ as defined therein. Recall that
Γ = {σm | m ∈ Z} ⊂ Aut(D, 〈·, ·〉),
where σm(d
α,r) = dα,r+m for m,α, r ∈ Z. The group Γ is canonically isomorphic to Z with
σm corresponding to m. For any given α, β, r, s ∈ Z, from (2.23) we see that
[σm(d
α,r), dβ,s] = [dα,r+m, dβ,s] = 0
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for m 6= ±(α + β)− r + s, ±(α− β)− r + s, and from (2.30) we see that
〈σm(d
α,r), dβ,s〉 = 〈dα,r+m, dβ,s〉 = 0
for m 6= s − r. We are given the linear character χ : Γ → C× given by χ(σm) = q
m for
m ∈ Z. From [L2] (Proposition 4.4), we have a Lie algebra D̂/Γ, which is constructed as
follows: Define a new operation [·, ·]Γ on the vector space
D̂ = D⊗ C[t, t−1]⊕ Cc
by
[a⊗ tm + λc, b⊗ tn + µc]Γ =
∑
k∈Z
qmk
(
[σk(a), b]⊗ t
m+n +mδm+n,0〈σk(a), b〉c
)
for a, b ∈ D, m, n ∈ Z, λ, µ ∈ C. Let JΓ be the linear span of the elements
σm(a)⊗ t
n − q−mn(a⊗ tn) for a ∈ D, m, n ∈ Z.
It was proved that JΓ is a two-sided ideal of the non-associative algebra (D̂, [·, ·]Γ) and
the quotient algebra D̂/JΓ is a Lie algebra. This particular Lie algebra is called the
Γ-covariant Lie algebra of the affine Lie algebra D̂, denoted by D̂/Γ. For α,m, n ∈ Z, set
d
α,m
(n) = dα,m ⊗ tn + JΓ ∈ D̂/Γ.
We have d−α,m(n) = −dα,m(n) and
dα,m+r(x) =
∑
n∈Z
(σmdα,r)(n)x
−n−1 =
∑
n∈Z
q−nmdα,r(n)x−n−1 = qmd
α,r
(qmx).
Furthermore, using (2.23) and (2.30) we get
[d
α,r
(x1), d
β,s
(x2)]
=
∑
m,n∈Z
∑
k∈Z
qkm
(
[σk(dα,r), dβ,s](m+ n) +mδm+n,0〈σk(d
α,r), dβ,s〉c
)
x−m−11 x
−n−1
2
= d
α+β,−α+s
(x2)x
−1
1 δ
(
x2
qα+β+r−sx1
)
− d
α+β,α+s
(x2)x
−1
1 δ
(
x2
q−α−β+r−sx1
)
− d
α−β,−α+s
(x2)x
−1
1 δ
(
x2
qα−β+r−sx1
)
+ d
α−β,α+s
(x2)x
−1
1 δ
(
x2
qβ−α+r−sx1
)
+ (δα−β,0 − δα+β,0)
∂
∂x2
x−11 δ
(
qs−rx2
x1
)
c
for α, β, r, s ∈ Z. Then it follows from Proposition 2.18 that D is isomorphic to D̂/Γ with
Dα,m(n) corresponding to dα,m(n) for α,m, n ∈ Z.
Notice that χ is one-to-one as q is not a root of unity by assumption. Then all the
assertions follow immediately from Theorem 4.9 of [L2].
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3 Associating q-Virasoro algebra with vertex alge-
bras in terms of Z-equivariant φ-coordinated quasi
modules
In this section, we prove that for any complex number ℓ, the category of restricted D-
modules of level ℓ is isomorphic to that of Z-equivariant φ-coordinated quasi modules for
the vertex algebra V
D̂
(ℓ, 0) that was introduced in Section 2.
We first recall some basic notions and results on G-equivariant φ-coordinated quasi
modules for vertex algebras from [L4] and [L5]. Set
φ = φ(x, z) = xez ∈ C[[x, z]],
which is fixed throughout this section.
Definition 3.1. Let V be a vertex algebra. A φ-coordinated quasi V -module is a vector
space W equipped with a linear map
YW (·, x) : V −→ Hom(W,W ((x))) ⊂ EndW[[x, x
−1]],
satisfying the conditions that YW (1, x) = 1W and that for u, v ∈ V , there exists a nonzero
polynomial p(x) such that
p(x1/x2)YW (u, x1)YW (v, x2) ∈ Hom(W,W ((x1, x2)))
and
p(ez)YW (Y (u, z)v, x2) = (p(x1/x2)YW (u, x1)YW (v, x2))|x1=x2ez .
Definition 3.2. Let V be a vertex algebra and let G be an automorphism group equipped
with a linear character χ : G −→ C×. A G-equivariant φ-coordinated quasi V -module is a
φ-coordinated quasi V -module (W,YW ), satisfying the conditions that
YW (gv, x) = YW (v, χ(g)x) for g ∈ G, v ∈ V,
and that for u, v ∈ V , there exists p(x) ∈ C[x] with only zeroes in χ(G) such that
p(x1/x2)YW (u, x1)YW (v, x2) ∈ Hom(W,W ((x1, x2))).
As we need, we also recall the conceptual construction of vertex algebras and their
φ-coordinated quasi modules from [L4]. Let W be a general vector space. Let a(x), b(x) ∈
E(W ). Assume that there exists a nonzero polynomial p(x) such that
p(x/z)a(x)b(z) ∈ Hom(W,W ((x, z))). (3.1)
Define a(x)enb(x) ∈ E(W ) for n ∈ Z in terms of generating function
Y eE (a(x), z)b(x) =
∑
n∈Z
(a(x)enb(x))z
−n−1
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by
Y eE (a(x), z)b(x) = p(e
z)−1(p(x1/x)a(x1)b(x))|x1=xez ,
where p(x) is any nonzero polynomial such that (3.1) holds and p(ez)−1 denotes the inverse
of p(ez) in C((z)). (Note that p(ez) is a nonzero element of C[[z]].)
A subspace U of E(W ) is said to be Y eE -closed if a(x)
e
nb(x) ∈ U for a(x), b(x) ∈ U ,
n ∈ Z. We denote by 〈U〉e the smallest Y
e
E -closed subspace which contains U and 1W .
The following result was obtained in [L4] (Theorem 5.4 and Proposition 5.3):
Theorem 3.3. Let U be a quasi local subset of E(W ). Then (〈U〉e, Y
e
E , 1W ) carries the
structure of a vertex algebra andW is a φ-coordinated quasi 〈U〉e-module with YW (a(x), z) =
a(z) for a(x) ∈ 〈U〉e.
We next associate the q-Virasoro algebra D with a vertex algebra V
D̂
(ℓ, 0) and its Z-
equivariant φ-coordinated quasi modules. First of all, we modify the generating functions
by a shift. For α ∈ Z, set
D
α
(x) = xDα(x) =
∑
n∈Z
Dα(n)x−n. (3.2)
Then the defining commutation relations of D are equivalent to
[D
α
(x1), D
β
(x2)] =
∑
m,n∈Z
[Dα(n), Dβ(m)]x−n1 x
−m
2
= D
α+β
(q−αx2)δ
(
q−αx2
qβx1
)
−D
α+β
(qαx2)δ
(
qαx2
q−βx1
)
−D
α−β
(q−αx2)δ
(
q−αx2
q−βx1
)
+D
α−β
(qαx2)δ
(
qαx2
qβx1
)
+
1
q−α−β − qα+β
[
δ
(
qαx2
q−βx1
)
− δ
(
q−αx2
qβx1
)]
c
−
1
qβ−α − qα−β
[
δ
(
qαx2
qβx1
)
− δ
(
q−αx2
q−βx1
)]
c, (3.3)
where as before it is understood that
1
q−α−β − qα+β
[
δ
(
qα+βx2
x1
)
− δ
(
q−α−βx2
x1
)]
= −x2
∂
∂x2
δ
(
x2
x1
)
,
1
qβ−α − qα−β
[
δ
(
qα−βx2
x1
)
− δ
(
qβ−αx2
x1
)]
= −x2
∂
∂x2
δ
(
x2
x1
)
for α + β = 0 and for α− β = 0, respectively. (Recall Remarks 2.12 and 2.14.)
Definition 3.4. For α ∈ Z, we set
Dˆα(x) = xD˜α(x) =
{
xDα(x) if α = 0
xDα(x)− 1
q−α−qα
c if α 6= 0.
(3.4)
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Immediately from Lemma 2.16, we have:
Lemma 3.5. The defining relations of D are equivalent to that
[c, D] = 0, Dˆ−α(x) = −Dˆα(x),
and
[Dˆα(x1), Dˆ
β(x2)] = Dˆ
α+β(q−αx2)δ
(
q−αx2
qβx1
)
− Dˆα+β(qαx2)δ
(
qαx2
q−βx1
)
− Dˆα−β(q−αx2)δ
(
q−αx2
q−βx1
)
+ Dˆα−β(qαx2)δ
(
qαx2
qβx1
)
+ (δα−β,0 − δα+β,0)x2
∂
∂x2
δ
(
x2
x1
)
c (3.5)
for α, β ∈ Z.
Recall from Section 2 that
Γ = {σm | m ∈ Z} ⊂ Aut(VD̂(ℓ, 0)),
where
σm(d
α,r) = dα,r+m for α, r,m ∈ Z.
We now view Z as an automorphism group of V
D̂
(ℓ, 0) by identifying m with σm form ∈ Z.
Define a linear character χq : Z→ C
× by
χq(m) = q
m for m ∈ Z.
Definition 3.6. A subset U of E(W ) is said to be χq(Z)-quasi local if for any a(x), b(x) ∈
U , there exists a nonzero polynomial
f(x1, x2) ∈ 〈(x1 − αx2) | α ∈ χq(Z)〉 ⊂ C[x1, x2],
such that f(x1, x2)a(x1)b(x2) = f(x1, x2)b(x2)a(x1).
As the first main result of this section we have:
Theorem 3.7. Let W be a restricted D-module of level ℓ. Then there exists a Z-
equivariant φ-coordinated quasi V
D̂
(ℓ, 0)-module structure YW (·, x) onW , which is uniquely
determined by
YW (d
α,r, x) = Dˆα(qrx) for α, r ∈ Z.
Proof. Since D generates V
D̂
(ℓ, 0) as a vertex algebra, the uniqueness is clear. We now
establish the existence. Set UW = {1W} ∪ {Dˆ
α(qrx) | α, r ∈ Z} ⊂ E(W ). For α, r ∈ Z,
set Dˆα,r(x) = Dˆα(qrx). We have
Dˆ−α,r(x) = xD˜−α(qrx) = −xD˜α(qrx) = −Dˆα,r(x).
19
Let α, r, β, s ∈ Z. Using (3.5) we get
[Dˆα,r(x1), Dˆ
β,s(x2)]
= [Dˆα(qrx1), Dˆ
β(qsx2)]
= Dˆα+β,−α+s(x2)δ
(
q−α−β−r+sx2
x1
)
− Dˆα+β,α+s(x2)δ
(
qα+β−r+sx2
x1
)
− Dˆα−β,−α+s(x2)δ
(
qβ−α−r+sx2
x1
)
+ Dˆα−β,α+s(x2)δ
(
qα−β−r+sx2
x1
)
+ ℓ(δα−β,0 − δα+β,0)
(
x2
∂
∂x2
)
δ
(
qs−rx2
x1
)
. (3.6)
From this it follows that UW is a quasi local subset of E(W ). By Theorem 3.3, UW
generates a vertex algebra 〈UW 〉e under the vertex operator operation Y
e
E with W as a
φ-coordinated quasi module, where YW (a(x), z) = a(z) for a(x) ∈ 〈UW 〉e.
With (3.6), by using the Lemma 4.13 or Proposition 4.14 of [L5], we have
Dˆα,r(x)enDˆ
β,s(x) = 0 for n ≥ 2,
Dˆα,r(x)e1Dˆ
β,s(x) = ℓ(δα−β,0 − δα+β,0)δs−r,01W ,
Dˆα,r(x)e0Dˆ
β,s(x) = δα+β,s−rDˆ
α+β,−α+s(x)− δα+β,r−sDˆ
α+β,α+s(x)
− δβ−α,r−sDˆ
α−β,−α+s(x) + δα−β,r−sDˆ
α−β,α+s(x).
(Note that as q is not a root of unity, for γ ∈ Z, qγ = 1 if and only if γ = 0.) Then by
Borcherds’ commutator formula we have
[Y eE (Dˆ
α,r(x), x1), Y
e
E (Dˆ
β,s(x), x2)]
=
∑
n≥0
Y eE (Dˆ
α,r(x)enDˆ
β,s(x), x2)
1
n!
(
∂
∂x2
)nx−11 δ
(
x2
x1
)
=
(
δα+β,s−rY
e
E (Dˆ
α+β,−α+s(x), x2)− δα+β,r−sY
e
E (Dˆ
α+β,α+s(x), x2)
)
x−11 δ
(
x2
x1
)
−
(
δα−β,s−rY
e
E (Dˆ
α−β,−α+s(x), x2)− δα−β,r−sY
e
E (Dˆ
α−β,α+s(x), x2)
)
x−11 δ
(
x2
x1
)
+δr,s(δα−β,0 − δα+β,0)
∂
∂x2
x−11 δ
(
x2
x1
)
ℓ · 1W . (3.7)
We also have invariance property
Y eE (Dˆ
−α,r(x), x1) = Y
e
E (−Dˆ
α,r(x), x1) = −Y
e
E (Dˆ
α,r(x), x1)
for α, r ∈ Z. It follows that 〈UW 〉e is a D̂-module of level ℓ with d
α,r(z) acting as
Y eE (Dˆ
α,r(x), z) for α, r ∈ Z. Furthermore, we have Dˆα,r(x)en1W = 0 for α, r ∈ Z, n ∈ N.
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From the construction of V
D̂
(ℓ, 0), we see that there exists a D̂-module homomorphism ρ
from V
D̂
(ℓ, 0) to 〈UW 〉e, sending 1 to 1W . For α, r ∈ Z, we have
ρ(dα,r) = ρ(dα,r−11) = Dˆ
α,r(x)−11W = Dˆ
α,r(x) ∈ 〈UW 〉e,
ρ(dα,rn v) = ρ(d
α,r(n)v) = Dˆα,r(x)nρ(v) = ρ(d
α,r)nρ(v)
for n ∈ Z, v ∈ V
D̂
(ℓ, 0). Since D generates V
D̂
(ℓ, 0) as a vertex algebra, it follows that ρ
is a homomorphism of vertex algebras. Consequently, W becomes a φ-coordinated quasi
V
D̂
(ℓ, 0)-module with YW (d
α,r, x) = Dˆα,r(x) for α, r ∈ Z.
Furthermore, we have
YW (σm(d
α,r), x) = YW (d
α,m+r, x) = Dˆα,m+r(x) = Dˆα,r(qmx) = YW (d
α,r, qmx),
and it is clear that {YW (v, x) | v ∈ D} is χq(Z)-quasi local. Then it follows from [L5]
(Lemma 4.21) that (W,YW ) is a Z-equivariant φ-coordinated quasi VD̂(ℓ, 0)-module.
On the other hand, we have:
Theorem 3.8. Let W be a Z-equivariant φ-coordinated quasi V
D̂
(ℓ, 0)-module. Then W
is a restricted D-module of level ℓ with Dˆα,r(x) = YW (d
α,r, x) for α, r ∈ Z.
Proof. For α, r,m ∈ Z, we have
YW (d
−α,r, x) = YW (−d
α,r, x) = −YW (d
α,r, x),
YW (d
α,r+m, x) = YW (σm(d
α,r), x) = YW (d
α,r, qmx).
Let α, r, β, s ∈ Z. Note that for m ∈ Z, n ≥ 0,
(σmd
α,r)nd
β,s = dα,m+rn d
β,s =
(
[dα,m+r, dβ,s]⊗ tn−1
)
1 + 〈dα,m+r, dβ,s〉ℓδn,11
= δn,0[d
α,m+r, dβ,s] + δn,1〈d
α,m+r, dβ,s〉ℓ1.
Noticing that χq is injective, from [L5] (Theorem 4.19), we have
[YW (d
α,r, x1), YW (d
β,s, x2)]
=Resx0
∑
m∈Z
YW
(
Y (σm(d
α,r), x0)d
β,s, x2
)
e
x0(x2
∂
∂x2
)
δ
(
χq(σm)x2
x1
)
=
∑
m∈Z
∑
n≥0
YW
(
σm(d
α,r)nd
β,s, x2
) 1
n!
(
x2
∂
∂x2
)n
δ
(
qmx2
x1
)
=
∑
m∈Z
YW
(
[dα,r+m, dβ,s], x2
)
δ
(
qmx2
x1
)
+ ℓ〈dα,m+r, dβ,s〉
(
x2
∂
∂x2
)
δ
(
qmx2
x1
)
=YW (d
α+β,−α+s, x2)δ
(
q−α−β−r+sx2
x1
)
− YW (d
α+β,α+s, x2)δ
(
qα+β−r+sx2
x1
)
− YW (d
α−β,−α+s, x2)δ
(
qβ−α−r+sx2
x1
)
+ YW (d
α−β,α+s, x2)δ
(
qα−β−r+sx2
x1
)
+ ℓ(δα−β,0 − δα+β,0)
(
x2
∂
∂x2
)
δ
(
qs−rx2
x1
)
.
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Then it follows from Lemma 3.5 (cf. Proposition 2.18) that W is a D-module of level ℓ
with Dα,r(x) = YW (d
α,r, x) for α, r ∈ Z. SinceW is a φ-coordinated quasi V
D̂
(ℓ, 0)-module,
by definition YW (d
α,k, x) ∈ E(W ) for α, r ∈ Z. Therefore, W is a restricted D-module of
level ℓ.
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